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Let p be a rational prime, k be a perfect ﬁeld of characteristic p,
W = W (k) be the ring of Witt vectors, K be a ﬁnite totally
ramiﬁed extension of Frac(W ) of degree e and r be a non-negative
integer satisfying r < p − 1. In this paper, we prove the upper
numbering ramiﬁcation group G( j)K for j > u(K , r,n) acts trivially
on the pn-torsion semi-stable GK -representations with Hodge–Tate
weights in {0, . . . , r}, where u(K ,0,n) = 0, u(K ,1,n) = 1 + e(n +
1/(p − 1)) and u(K , r,n) = 1 − p−n + e(n + r/(p − 1)) for 1 < r <
p − 1.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
Let p be a rational prime, k be a perfect ﬁeld of characteristic p, W = W (k) be the ring of Witt
vectors and K be a ﬁnite totally ramiﬁed extension of K0 = Frac(W ) of degree e = e(K ). We normalize
the valuation vK of K as vK (p) = e and extend this to any algebraic closure of K . Let the maximal
ideal of K be denoted by mK , an algebraic closure of K by K¯ and the absolute Galois group of K by
GK = Gal(K¯/K ). Let G( j)K denote the j-th upper numbering ramiﬁcation group in the sense of [10].
Namely, we put G( j)K = G j−1K , where the latter is the upper numbering ramiﬁcation group deﬁned
in [18].
Consider a proper smooth scheme XK over K and put XK¯ = XK ×K K¯ . Let L ⊇ L′ be GK -stable
Zp-lattices in the r-th etale cohomology group Hre´t(XK¯ ,Qp) such that the quotient L/L′ is killed
by pn . In [10], Fontaine conjectured the upper numbering ramiﬁcation group G( j)K acts trivially on
the GK -modules L/L′ and Hre´t(XK¯ ,Z/pnZ) for j > e(n + r/(p − 1)) if XK has good reduction. For
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Abrashkin ([3], for any n), using the theory of Fontaine and Laffaille [13] and the comparison the-
orem of Fontaine and Messing ([14], see also [5,7]) between the etale cohomology groups of XK
and the crystalline cohomology groups of the reduction of XK . From these results, they also showed
some rareness of a proper smooth scheme over Q with everywhere good reduction [11, Théorème 1],
[2, Section 7]. In fact, they proved this ramiﬁcation bound for the torsion crystalline representations
of GK with Hodge–Tate weights in {0, . . . , r} in the case where K is absolutely unramiﬁed.
On the other hand, for a torsion semi-stable representation with Hodge–Tate weights in the
same range, a similar ramiﬁcation bound for e = 1 and n = 1 is obtained by Breuil (see [7, Propo-
sition 9.2.2.2]). He showed, assuming the Griﬃths transversality which in general does not hold, that
if e = 1 and r < p − 1, then the ramiﬁcation group G( j)K acts trivially on the mod p semi-stable repre-
sentations for j > 2+ 1/(p − 1).
In this paper, we prove a ramiﬁcation bound for the torsion semi-stable representations of GK
with Hodge–Tate weights in {0, . . . , r} with no assumption on e but under the assumption r < p − 1.
Let π be a uniformizer of K , E(u) ∈ W [u] be the Eisenstein polynomial of π over W and S be the
p-adic completion of the divided power envelope of W [u] with respect to the ideal (E(u)). Consider
a category Modr,φ,N/S∞ of ﬁltered (φr,N)-modules over the ring S and a GK -module
T ∗st,π (M) = HomS,Filr ,φr ,N(M, Aˆst,∞)
for M ∈Modr,φ,N/S∞ , where Aˆst,∞ is a p-adic period ring [6]. Then our main theorem is the following.
Theorem 1.1. Let r be a non-negative integer such that r < p−1. LetM be an object of the categoryModr,φ,N/S∞
which is killed by pn. Then the j-th upper numbering ramiﬁcation group G( j)K acts trivially on the GK -module
T ∗st,π (M) for j > u(K , r,n), where
u(K , r,n) =
⎧⎨
⎩
0 (r = 0),
1+ e(n + 1p−1 ) (r = 1),
1− 1pn + e(n + rp−1 ) (1< r < p − 1).
We can check that this bound is sharp for r  1 (Remark 5.15).
From this theorem and [10, Proposition 1.3], we have the following corollary.
Corollary 1.2. Let the notation be as in the theorem and L be the ﬁnite extension of K cut out by the GK -module
T ∗st,π (M). Namely, the ﬁnite extension L is deﬁned by
GL = Ker
(
GK → Aut
(
T ∗st,π (M)
))
.
Let DL/K denote the different of the extension L/K . Then we have the inequality
vK (DL/K ) < u(K , r,n)
for r > 0 and vK (DL/K ) = 0 for r = 0.
Combining these results with a theorem of Liu [17, Theorem 2.3.5] or a theorem of
Caruso [8, Théorème 1.1], we will show the corollary below.
Corollary 1.3. Let r be a non-negative integer such that r < p − 1. Then the same bounds as in Theorem 1.1
and Corollary 1.2 are also valid for the torsion GK -modules of the following two cases:
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with Hodge–Tate weights in {0, . . . , r} such that L/L′ is killed by pn.
2. The GK -module Hre´t(XK¯ ,Z/p
nZ), where XK is a proper smooth algebraic variety over K which has
a proper semi-stable model over OK and r satisﬁes er < p − 1 for n = 1 and e(r + 1) < p − 1 for n > 1.
For the proof of Theorem 1.1, we basically follow a beautiful argument of Abrashkin [3]. We may
assume p  3 and r  1. Consider the ﬁnite Galois extension
Fn = K
(
π1/p
n
, ζpn+1
)
of K whose upper ramiﬁcation is bounded by u(K , r,n). Let Ln be the ﬁnite Galois extension of Fn cut
out by T ∗st,π (M)|GFn . Then we bound the ramiﬁcation of Ln over K . For this, we show that to study
this GFn -module we can use a variant over a smaller coeﬃcient ring Σ of ﬁltered (φr,N)-modules
over S . In precise, we set
Σ = Wu, E(u)p/p.
This ring Σ is small enough for the method of Abrashkin, in which he uses ﬁltered modules of
Fontaine and Laffaille [13] whose coeﬃcient ring is W , to work also in the case where K is absolutely
ramiﬁed.
2. Filtered (φr, N)-modules of Breuil
In this section, we recall the theory of ﬁltered (φr,N)-modules over S of Breuil, which is developed
by himself and most recently by Caruso and Liu (see for example [6,8,17,9]). In what follows, we
always take the divided power envelope of a W -algebra with the compatibility condition with the
natural divided power structure on pW .
Let p be a rational prime and σ be the Frobenius endomorphism of W . We ﬁx once and for all
a uniformizer π of K and a system {πn}n∈Z0 of p-power roots of π in K¯ such that π0 = π and πn =
π
p
n+1 for any n. Let E(u) be the Eisenstein polynomial of π over W and set S = (W [u]PD)∧ , where PD
means the divided power envelope and this is taken with respect to the ideal (E(u)), and ∧ means
the p-adic completion. The ring S is endowed with the σ -semilinear endomorphism φ :u 	→ up and
a natural ﬁltration Filt S induced by the divided power structure such that φ(Filt S) ⊆ pt S for 0 
t  p − 1. We set φt = p−tφ|Filt S and c = φ1(E(u)) ∈ S× . Let N denote the W -linear derivation on S
deﬁned by the formula N(u) = −u. We also deﬁne a ﬁltration, φ, φt and N on Sn = S/pnS similarly.
Let r ∈ {0, . . . , p − 2} be an integer. Set ′Modr,φ,N/S to be the category consisting of the following
data:
• an S-module M and its S-submodule Filr M containing Filr S · M,
• a φ-semilinear map φr : Filr M → M satisfying
φr(srm) = φr(sr)φ(m)
for any sr ∈ Filr S and m ∈ M, where we set φ(m) = c−rφr(E(u)rm),
• a W -linear map N :M → M such that
– N(sm) = N(s)m + sN(m) for any s ∈ S and m ∈ M,
– E(u)N(Filr M) ⊆ Filr M,
– the following diagram is commutative:
Filr M
E(u)N
φr M
cN
Filr M
φr
M,
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r and commuting
with φr and N . The category deﬁned in the same way but dropping the data N is denoted by ′Modr,φ/S .
These categories have obvious notions of exact sequences. Let Modr,φ,N/S1 denote the full subcategory of
′Modr,φ,N/S consisting of M such that M is free of ﬁnite rank over S1 and generated as an S1-module
by the image of φr . We write Mod
r,φ,N
/S∞ for the smallest full subcategory which contains Mod
r,φ,N
/S1
and
is stable under extensions. We let Modr,φ,N/S denote the full subcategory consisting of M such that
• the S-module M is free of ﬁnite rank and generated by the image of φr ,
• the quotient M/ Filr M is p-torsion free.
We deﬁne full subcategories Modr,φ/S1 , Mod
r,φ
/S∞ and Mod
r,φ
/S of
′Modr,φ/S in a similar way. For
Mˆ ∈ Modr,φ,N/S (resp. Modr,φ/S ), the quotient Mˆ/pnMˆ has a natural structure as an object of Modr,φ,N/S∞
(resp. Modr,φ/S∞ ).
For p-torsion objects, we also have the following categories. Consider the k-algebra k[u]/(uep) ∼=
S1/ Fil
p S1 and let this algebra be denoted by S˜1. The algebra S˜1 is equipped with the natural ﬁltra-
tion, φ and N induced by those of S . Namely, Filt S˜1 = uet S˜1, φ(u) = up and N(u) = −u. Let ′Modr,φ,N
/ S˜1
denote the category consisting of the following data:
• an S˜1-module M˜ and its S˜1-submodule Filr M˜ containing uerM˜,
• a φ-semilinear map φr : Filr M˜ → M˜,
• a k-linear map N :M˜ → M˜ such that
– N(sm) = N(s)m + sN(m) for any s ∈ S˜1 and m ∈ M˜,
– ueN(Filr M˜) ⊆ Filr M˜,
– the following diagram is commutative:
Filr M˜
φr
ueN
M˜
cN
Filr M˜
φr
M˜,
and whose morphisms are deﬁned as before. Its full subcategory Modr,φ,N
/ S˜1
is deﬁned by the following
condition:
• as an S˜1-module, M˜ is free of ﬁnite rank and generated by the image of φr .
We deﬁne categories ′Modr,φ
/ S˜1
and Modr,φ
/ S˜1
similarly. Then we can show as in the proof of [4, Propo-
sition 2.2.2.1] that the natural functor M 	→ M/ Filp S · M induces equivalences of categories
T :Modr,φ,N/S1 →Mod
r,φ,N
/ S˜1
and T0 :Mod
r,φ
/S1
→Modr,φ
/ S˜1
.
For r = 0, let Modφ/W∞ be the category consisting of the following data:
• a ﬁnite torsion W -module M˜ ,
• a σ -semilinear automorphism φ : M˜ → M˜ .
Let κ be the kernel of the natural surjection S → W deﬁned by u 	→ 0. Since TorS1(M, S/κ S) = 0
for any M ∈ Mod0,φ/S∞ , the proofs of [8, Lemme 2.2.7, Proposition 2.2.8] work also for the category
Mod0,φ,N/S and we have a commutative diagram of categories∞
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0,φ
/S∞
Modφ/W∞ ,
where the downward arrows and horizontal arrow are deﬁned by M 	→ M/κM and forgetting N
respectively and these three arrows are equivalences of categories.
Let Acrys and Aˆst be p-adic period rings. These are constructed as follows. Put O˜K¯ = OK¯ /pOK¯ .
Set R to be the ring
R = lim←−(O˜K¯ ← O˜K¯ ← ·· ·),
where every arrow is the p-power map. For an element x = (xi)i∈Z0 ∈ R and an integer n  0, we
set
x(n) = lim
m→∞ xˆ
pm
n+m ∈ OC,
where xˆi is a lift of xi in OK¯ and OC is the p-adic completion of OK¯ . Let vp denote the valuation
of OC normalized as vp(p) = 1. Then the ring R is a complete valuation ring whose valuation of an
element x ∈ R is given by vR(x) = vp(x(0)). We deﬁne a natural ring homomorphism θ by
θ :W (R) → OC,
(x0, x1, . . .) 	→
∑
n0
pnx(n)n .
Then Acrys is the p-adic completion of the divided power envelope of W (R) with respect to the prin-
cipal ideal Ker(θ) and Aˆst is the p-adic completion of the divided power polynomial ring Acrys〈X〉
over Acrys. We set Acrys,∞ = Acrys ⊗W K0/W and Aˆst,∞ = Aˆst ⊗W K0/W . Put π = (πn)n∈Z0 ∈ R ,
where we abusively let πn denote the image of πn ∈ OK¯ in O˜K¯ . These rings are considered
as S-algebras by the ring homomorphisms S → Aˆst and Aˆst → Acrys which are deﬁned by u 	→
[π ]/(1 + X) and X 	→ 0, respectively. The ring Acrys is endowed with a natural ﬁltration induced
by the divided power structure, a natural Frobenius endomorphism φ and the φ-semilinear map
φt = p−tφ|Filt Acrys . With these structures, Acrys and Acrys,∞ are considered as objects of ′Mod
r,φ
/S . More-
over, the absolute Galois group GK acts naturally on these two rings. As for Aˆst, its ﬁltration is deﬁned
by
Filt Aˆst =
{∑
i0
ai
Xi
i!
∣∣ ai ∈ Filt−i Acrys, lim
i→∞
ai = 0
}
and the Frobenius structure of Acrys extends to Aˆst by
φ(X) = (1+ X)p − 1,
φt = p−tφ| t ˆ .Fil Ast
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Aˆst,∞ are objects of ′Modr,φ,N/S . The GK -action on Acrys naturally extends to an action on Aˆst. Indeed,
the action of g ∈ GK on Aˆst is deﬁned by the formula
g(X) = [ε(g)](1+ X)− 1,
where g(πn) = εn(g)πn and ε(g) = (εn(g))n∈Z0 ∈ R with the abusive notation as above.
These rings have other descriptions, as follows. For an integer n  1, put Wn = W /pnW and let
Wn(O˜K¯ ) be the ring of Witt vectors of length n associated to O˜K¯ . We deﬁne a Wn-algebra structure
on Wn(O˜K¯ ) by twisting the natural Wn-algebra structure by σ−n . Then the natural ring homomor-
phism
θn :Wn(O˜K¯ ) → OK¯ /pnOK¯ ,
(a0, . . . ,an−1) 	→
n−1∑
i=0
piaˆp
n−i
i ,
where aˆi is a lift of ai in OK¯ , is Wn-linear. Let us denote W PDn (O˜K¯ ) the divided power envelope of
Wn(O˜K¯ ) with respect to the ideal Ker(θn). This ring is considered as an S-algebra by u 	→ [πn]. This
ring also has a natural ﬁltration deﬁned by the divided power structure, and a natural GK -module
structure. The Frobenius endomorphism of the ring of Witt vectors induces on this ring a φ-semilinear
Frobenius endomorphism, which is denoted also by φ. Then, by the S-linear transition maps
W PDn+1(O˜K¯ ) → W PDn (O˜K¯ ),
(a0, . . . ,an) 	→
(
ap0 , . . . ,a
p
n−1
)
,
these S-algebras form a projective system compatible with all the structures. Using this transition
map, a φ-semilinear map
φr : Fil
r W PDn (O˜K¯ ) → W PDn (O˜K¯ )
is deﬁned by setting φr(x) to be the image of p−rφ(xˆ), where xˆ is a lift of x in Filr W PDn+r(O˜K¯ ). By
deﬁnition, the maps φr are also compatible with the transition maps. The S-algebra W PDn (O˜K¯ ) is
considered as an object of ′Modr,φ/S . Then we have a natural isomorphism in ′Mod
r,φ
/S
Acrys/p
n Acrys → W PDn (O˜K¯ ),
(x0, . . . , xn−1) 	→ (x0,n, . . . , xn−1,n),
where we set xi = (xi,k)k∈Z0 for xi ∈ R .
Similarly, the divided power polynomial ring W PDn (O˜K¯ )〈X〉 over W PDn (O˜K¯ ) is considered as an
S-algebra by u 	→ [πn]/(1 + X). This ring has a natural ﬁltration coming from the divided power
structure. We deﬁne a GK -action on this ring by
g(X) = [εn(g)](1+ X)− 1.
We also deﬁne a φ-semilinear Frobenius endomorphism, which we also write as φ, by φ(X) =
(1 + X)p − 1 and a W PDn (O˜K¯ )-linear derivation N by N(X) = 1 + X . These rings form a projective
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above and X 	→ X . We deﬁne φ-semilinear maps
φr : Fil
r W PDn (O˜K¯ )〈X〉 → W PDn (O˜K¯ )〈X〉
compatible with the transition maps as before. The S-algebra W PDn (O˜K¯ )〈X〉 is considered as an object
of ′Modr,φ,N/S and there exists a natural isomorphism in ′Mod
r,φ,N
/S
Aˆst/p
n Aˆst → W PDn (O˜K¯ )〈X〉,
(x0, . . . , xn−1) 	→ (x0,n, . . . , xn−1,n),
X 	→ X
which is GK -linear.
Put Kn = K (πn) and K∞ =⋃n Kn . For M ∈Modr,φ,N/S∞ , we deﬁne a GK -module T ∗st,π (M) to be
T ∗st,π (M) = HomS,Filr ,φr ,N(M, Aˆst,∞).
When M is killed by pn , we have a natural identiﬁcation of GK -modules
T ∗st,π (M) = HomS,Filr ,φr ,N
(M,W PDn (O˜K¯ )〈X〉).
Note that the GK -module on the right-hand side is independent of the choice of πk for k > n. Since
the natural map
W PDn (O˜K¯ )〈X〉 → W PDn (O˜K¯ ),
X 	→ 0
is GKn -linear, we also have a GKn -linear isomorphism [6, Lemme 2.3.1.1]
T ∗st,π (M)|GKn → HomS,Filr ,φr
(M,W PDn (O˜K¯ )).
On the other hand, for r = 0, the proof of [8, Proposition 2.3.13] shows that the GK -module T ∗st,π (M)
is unramiﬁed for any M ∈Mod0,φ,N/S∞ .
A variant of ﬁltered (φr,N)-modules over S is also introduced by Breuil and Kisin, and devel-
oped also by Caruso and Liu (see for example [15–17,9]). Put S = W u and let φ :S → S be the
σ -semilinear Frobenius endomorphism deﬁned by φ(u) = up . Let ′Modr,φ
/S denote the category con-
sisting of the following data:
• an S-module M,
• a φ-semilinear map M → M, which is denoted also by φ, such that the cokernel of the map
1⊗ φ :φ∗M → M, where we set φ∗M = S ⊗φ,SM, is killed by E(u)r ,
and whose morphisms are deﬁned as before. The full subcategory of ′Modr,φ
/S consisting of M such
that M is free of ﬁnite rank over S/pS (resp. over S) is denoted by Modr,φ
/S1
(resp. Modr,φ
/S). We let
Modr,φ
/S∞ denote the smallest full subcategory which contains Mod
r,φ
/S1
and is stable under extensions,
as before. Then we have an exact functor ([9, Proposition 2.1.2], see also [15, Proposition 1.1.11])
MS∞ :Modr,φ/S →Modr,φ/S .∞ ∞
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/S∞ , the ﬁltered φr-module M = MS∞(M) over S is deﬁned as follows:
• M = S ⊗φ,SM,
• Filr M = Ker(M 1⊗φ−−−→ S ⊗SM → (S/ Filr S)⊗SM),
• φr : Filr M 1⊗φ−−−→ Filr S ⊗SM φr⊗1−−−→ S ⊗φ,SM = M.
We write MS for the functor Modr,φ/S→Modr,φ/S deﬁned similarly.
3. Filtered φr-modules over Σ
In this section, we deﬁne another variant Modr,φ/Σ∞ of the category Mod
r,φ
/S∞ over a subring Σ of
the ring S , and prove that they are categorically equivalent.
Let p be a rational prime and r be an integer such that 0  r < p − 1. Consider the W -algebra
Σ = W u, Y /(E(u)p − pY ) as in [6, Subsection 3.2]. We regard Σ as a subring of S by the map
sending Y to E(u)p/p. Then the element c = φ1(E(u)) ∈ S× is contained in Σ× . We deﬁne on Σ a
σ -semilinear Frobenius endomorphism φ by φ(u) = up and φ(Y ) = pp−1cp . Put Filt Σ = (E(u)t , Y )
for 0  t  p − 1 and Filp Σ = (Y ). Then we have φ(Filt Σ) ⊆ ptΣ for 0  t  p − 1. We put φt =
p−tφ|Filt Σ . We also set Σn = Σ/pnΣ and put on this ring the natural structures induced by those
of Σ .
We deﬁne a category ′Modr,φ/Σ of ﬁltered φr-modules over Σ to be the category consisting of the
following data:
• a Σ-module M and its Σ-submodule Filr M containing Filr Σ · M ,
• a φ-semilinear map φr : Filr M → M satisfying φr(srm) = φr(sr)φ(m) for any sr ∈ Filr Σ and m ∈ M ,
where we set φ(m) = c−rφr(E(u)rm),
and whose morphisms are deﬁned in the same manner as ′Modr,φ/S . This category has a natural notion
of exact sequences. We deﬁne its full subcategory Modr,φ/Σ1 to be the category consisting of M which is
free of ﬁnite rank and generated by the image of φr as a Σ1-module. We also let Mod
r,φ
/Σ∞ denote the
smallest full subcategory of ′Modr,φ/Σ which contains Mod
r,φ
/Σ1
and is stable under extensions. Moreover,
we deﬁne a full subcategory Modr,φ/Σ of
′Modr,φ/Σ to be the category consisting of M such that
• the Σ-module M is free of ﬁnite rank and generated by the image of φr ,
• the quotient M/ Filr M is p-torsion free.
Then we see that for Mˆ ∈ Modr,φ/Σ , the quotient Mˆ/pnMˆ is naturally considered as an object of
Modr,φ/Σ∞ .
The natural ring isomorphism Σ1/ Fil
p Σ1 ∼= S˜1 deﬁnes a functor T0,Σ :Modr,φ/Σ1 →Mod
r,φ
/ S˜1
by M 	→
M/ Filp Σ1 · M . Then just as in the case of the functor T0 :Modr,φ/S1 → Mod
r,φ
/ S˜1
[4, Proposition 2.2.2.1],
we can show the following lemma.
Lemma 3.1. The functor T0,Σ :Mod
r,φ
/Σ1
→Modr,φ
/ S˜1
is an equivalence of categories.
On the other hand, [6, Proposition 2.2.1.3] and Nakayama’s lemma show the following.
Lemma 3.2. Let M be an object of Modr,φ/Σ1 of rank d over Σ1 . Then there exists a basis {e1, . . . , ed} of M such
that Filr M = Σ1ur1e1 ⊕ · · · ⊕Σ1urd ed + Filp Σ1 · M for some integers r1, . . . , rd with 0 ri  er for any i.
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Lemma 3.3. The functor
M 	→ HomΣ,Filr ,φr (M, Acrys,∞)
from Modr,φ/Σ∞ to the category of GK∞ -modules is exact.
For M ∈Modr,φ/Σ1 , we can show as in the case of the category Mod
r,φ
/S1
that there is an isomorphism
of GK1 -modules
HomΣ,Filr ,φr
(
M, (O˜K¯ )PD
)→ Hom S˜1,Filr ,φr
(
T0,Σ (M), O˜K¯
)
,
where O˜K¯ is considered as an object of ′Modr,φ/ S˜1 by the natural isomorphism
(O˜K¯ )PD/ Filp(O˜K¯ )PD → O˜K¯ .
Thus [6, Lemme 2.3.1.2] implies the following.
Lemma 3.4. For M ∈Modr,φ/Σ1 , we have
#HomΣ,Filr ,φr
(
M, (O˜K¯ )PD
)= pd,
where d = dimΣ1 M.
For the category Modr,φ/Σ∞ , we have the following lemma.
Lemma 3.5. Let M be in Modr,φ/Σ∞ . Then there exists α1, . . . ,αd ∈ Filr M such that Filr M = Σα1 + · · · +
Σαd + Filp Σ · M and the elements e1 = φr(α1), . . . , ed = φr(αd) form a system of generators of M.
Proof. By induction and Lemma 3.2, we may assume that there exists an exact sequence of the cate-
gory Modr,φ/Σ∞
0→ M ′ → M → M ′′ → 0
such that the lemma holds for M ′ and M ′′ . Let α′1, . . . ,α′l′ (resp. α
′′
1 , . . . ,α
′′
l′′ ) be elements of Fil
r M ′
(resp. Filr M ′′) as in the lemma. Let αl ∈ Filr M be a lift of α′′l . Then the elements α′1, . . . ,α′l′ ,α1, . . . ,αl′′
satisfy the condition in the lemma for M . 
Corollary 3.6. Let M be an object of Modr,φ/Σ∞ and C ∈ Md(Σ) be a matrix satisfying
(α1, . . . ,αd) = (e1, . . . , ed)C
with the notation of the previous lemma. Let A be an object of ′Modr,φ/Σ . Then a Σ-linear homomorphism
f :M → A preserving Filr also commutes with φr if and only if
φr
(
f (e1, . . . , ed)C
)= ( f (e1), . . . , f (ed)).
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only have to check the equality φr ◦ f = f ◦ φr on Filp Σ · M . Suppose that this equality holds on the
submodule pl+1 Filp Σ · M . For m ∈ M , we can take m′ ∈ Filp Σ · M such that E(u)rm =∑i siαi +m′ .
Let s be in Filp Σ . Then we have
f
(
φr
(
plsm
))= plφr(s)c−r∑
i
φ(si) f
(
φr(αi)
)+ plφr(s)c−r f (φr(m′)).
Since φr(Fil
p Σ) ⊆ pΣ , this equals to φr( f (plsm)) by assumption. Thus the lemma follows by induc-
tion. 
Corollary 3.7. Let M and A be as above and J ⊆ Filr A be a Σ-submodule of A such that φr( J ) ⊆ J . We can
consider theΣ-module A/ J naturally as an object of ′Modr,φ/Σ . Suppose that for any x ∈ J , there exists t ∈ Z0
such that φtr (x) = 0. Then the natural homomorphism of abelian groups
HomΣ,Filr ,φr (M, A) → HomΣ,Filr ,φr (M, A/ J )
is an isomorphism.
Proof. The proof is similar to [3, Subsection 2.2]. We consider the Σ-submodule J as an object of the
category ′Modr,φ/Σ by putting Fil
r J = J . By dévissage, it is enough to show that, for any M ∈ Modr,φ/Σ1 ,
we have Ext′Modr,φ/Σ
(M, J ) = 0 and the map in the corollary is an isomorphism. For the ﬁrst assertion,
let
0 → J → E → M → 0
be an extension in the category ′Modr,φ/Σ . Let ei , αi and C be as in Corollary 3.6 such that e1, . . . , ed
form a basis of M . Let eˆi ∈ E be a lift of ei ∈ M . Then we have (eˆ1, . . . , eˆd)C ∈ (Filr E)⊕d and
φr
(
(eˆ1, . . . , eˆd)C
)= (eˆ1 + δ1, . . . , eˆd + δd)
for some δ1, . . . , δd ∈ J . On the other hand, there exists a unique d-tuple (x1, . . . , xd) ∈ J⊕d satisfying
the equation
φr
(
(eˆ1 + x1, . . . , eˆd + xd)C
)= (eˆ1 + x1, . . . , eˆd + xd).
Indeed, the d-tuple
t∑
i=0
(
φir(δ1), . . . , φ
i
r(δd)
)
φ(C) · · ·φi−1(C)φi(C)
is stable for suﬃciently large t by assumption and this limit gives a unique solution of the equation.
Then we have
(
p(eˆ1 + x1), . . . , p(eˆd + xd)
)= φr(p(eˆ1 + x1), . . . , p(eˆd + xd))φ(C).
Since the d-tuple on the left-hand side is contained in J⊕d , we see that this d-tuple is zero and
ei 	→ eˆi + xi deﬁnes a section M → E . We can prove the second assertion similarly. 
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r,φ
/S∞ are in fact equivalent. For M ∈
Modr,φ/Σ∞ , we associate to it an S-module M by setting M = S⊗Σ M . We also deﬁne its S-submodule
Filr M by
Filr M = Ker(M = S ⊗Σ M → S/ Filr S ⊗Σ M/ Filr M  M/ Filr M),
where the last isomorphism is induced by the natural isomorphisms of W -algebras
W [u]/(E(u)r)→ Σ/ Filr Σ → S/ Filr S.
These associations induce two functors from Modr,φ/Σ∞ to the category of S-modules, M 	→ M
and M 	→ Filr M. Since the rings S and W [u]/(E(u)r) are p-torsion free, we have TorΣ1 (Σ1, S) =
TorΣ1 (Σ1,Σ/ Fil
r Σ) = 0 and thus TorΣ1 (M, S) = TorΣ1 (M,Σ/ Filr Σ) = 0 for any M ∈ Modr,φ/Σ∞ . Hence
we see that these two functors are exact.
We deﬁne φr : Fil
r M → M as follows. Note that Filr S ⊗Σ M ⊆ M and Filr M is equal to Filr S ⊗Σ
M + Im(S ⊗Σ Filr M → M). Set φ′r : Filr S ⊗Σ M → M to be φ′r = φr ⊗ φ.
Lemma 3.8. The map φ ⊗ φr : S ⊗Σ Filr M → M induces a φ-semilinear map φ′′r : Im(S ⊗Σ Filr M →
M) → M.
Proof. Let z =∑i si ⊗ mi be in S ⊗Σ Filr M with si ∈ S and mi ∈ Filr M . Let z¯ be its image in M
and suppose that z¯ = 0. Write si = s′i + s′′i with s′i ∈ Σ and s′′i ∈ Filp S . Since we have an isomorphism
M/ Filr S · M  M/ Filr Σ · M , we can ﬁnd elements s( j) ∈ Filr Σ and m( j) ∈ M such that the equality∑
i s
′
imi =
∑
j s
( j)m( j) holds in M . Then we have
0= z¯ =
∑
i
1⊗ s′imi +
∑
i
s′′i ⊗mi =
∑
j
s( j) ⊗m( j) +
∑
i
s′′i ⊗mi
in M. On the other hand, the element (φ ⊗ φr)(z) ∈ M is equal to
∑
j
1⊗ φr
(
s( j)m( j)
)+∑
i
φ
(
s′′i
)⊗ φr(mi).
Since φ = prφr , this equals φ′r(
∑
j s
( j) ⊗m( j) +∑i s′′i ⊗mi) = 0. 
Lemma 3.9. The maps φ′r and φ′′r patch together and deﬁne a φ-semilinear map φr : Filr M → M.
Proof. Since φ′r and φ′′r coincide on Im(Filr S ⊗Σ Filr M → M), it is enough to show that 1⊗ φr(m) =
φ′r(
∑
i si ⊗ mi) for any m ∈ Filr M , si ∈ Filr S and mi ∈ M satisfying 1 ⊗ m =
∑
i si ⊗ mi in M. As
in the proof of Lemma 3.8, the element m can be written as m =∑ j s( j)m( j) for some s( j) ∈ Filr Σ
and m( j) ∈ M . By assumption, we have ∑i si ⊗mi =∑ j s( j) ⊗m( j) in Filr S ⊗Σ M . Hence the lemma
follows. 
Then we see that this construction deﬁnes a functor MΣ∞ :Modr,φ/Σ∞ →Mod
r,φ
/S∞ .
Lemma 3.10. The functor MΣ∞ induces an equivalence of categories Modr,φ/Σ →Modr,φ/S .1 1
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Modr,φ/Σ1
MΣ∞
T0,Σ
Modr,φ/S1
T0
Modr,φ
/ S˜1
.
From the deﬁnition, we see that this diagram is commutative. By Lemma 3.1, the downward arrows
are equivalences of categories. Thus the lemma follows. 
Then a dévissage argument as in [15, Proposition 1.1.11] shows the following corollary.
Corollary 3.11. The functor MΣ∞ :Modr,φ/Σ∞ →Mod
r,φ
/S∞ is fully faithful.
To show the essential surjectivity of the functor MΣ∞ , we deﬁne another functor MS∞ :
Modr,φ
/S∞ → Mod
r,φ
/Σ∞ which is deﬁned in a similar way to the functor MS∞ :Mod
r,φ
/S∞ → Mod
r,φ
/S∞ .
For an S-module M in Modr,φ
/S∞ , we associate to it a Σ-module M ∈ ′Mod
r,φ
/Σ as follows:
• M = Σ ⊗φ,SM,
• Filr M = Ker(M 1⊗φ−−−→ Σ ⊗SM → (Σ/ Filr Σ) ⊗SM),
• φr : Filr M 1⊗φ−−−→ Filr Σ ⊗SM φr⊗1−−−→ Σ ⊗φ,SM = M .
We can check that this deﬁnes an exact functor Modr,φ
/S∞ → Mod
r,φ
/Σ∞ as in the proof of [15, Proposi-
tion 1.1.11]. We let this functor be denoted by MS∞ .
Lemma 3.12. The diagram of functors
Modr,φ
/S∞
MS∞
MS∞
Modr,φ/Σ∞
MΣ∞
Modr,φ/S∞
is commutative.
Proof. For M ∈ Modr,φ
/S∞ , put M = MS∞(M) and M = MS∞(M). Then M = S ⊗Σ M as an S-
module. Let Filr M and φr : Filr M → M denote the ﬁltration and Frobenius structure deﬁned by the
functor MS∞ . We also let ˆFilrM and φˆr : ˆFilrM → M denote those deﬁned by MΣ∞ .
The S-module Filr M contains ˆFilrM. Conversely, let z be an element of Filr M. Note that
Filp S · M ⊆ ˆFilrM. Thus, to show z ∈ ˆFilrM, we may assume that z ∈ Im(M → M). Then the com-
mutative diagram whose right vertical arrow is an isomorphism
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M = S ⊗φ,SM 1⊗φ S ⊗SM S/ Filr S ⊗SM
implies that z ∈ Im(Filr M → Filr M) ⊆ ˆFilrM and hence Filr M = ˆFilrM. From the deﬁnition, we also
can show φr = φˆr . This implies the lemma. 
Proposition 3.13. The functor MΣ∞ :Modr,φ/Σ∞ →Mod
r,φ
/S∞ is an equivalence of categories.
Proof. Since the functor MS∞ is an equivalence of categories for p  3 [9, Theorem 2.3.1], Corol-
lary 3.11 and Lemma 3.12 imply the proposition in this case. For r = 0, put κΣ = κ ∩ Σ , where
κ = Ker(S → W ). Then, by using a natural isomorphism Σ  W u,uep/p, we can show that the
functor M 	→ M/κΣM deﬁnes an equivalence of categories Mod0,φ/Σ∞ →Mod
φ
/W∞ , as in the case of the
category Mod0,φ/S∞ . Since the diagram
Mod0,φ/Σ∞
MΣ∞
Mod0,φ/S∞
Modφ/W∞
is commutative and the downward arrows are equivalences of categories, the proposition follows also
for p = 2. 
Remark 3.14. We can also deﬁne a fully faithful functor MΣ :Modr,φ/Σ → Modr,φ/S in a similar way
to MΣ∞ and prove that this is an equivalence of categories. Indeed, the claim for p  3 follows
from [9, Theorem 2.2.1]. Let M be in Mod0,φ/S and e1, . . . , ed be a basis of M over S . Let C ∈ GLd(S)
be the matrix such that
φ(e1, . . . , ed) = (e1, . . . , ed)C .
Then the elements φ(e1), . . . , φ(ed) also form a basis of M and
φ
(
φ(e1), . . . , φ(ed)
)= (φ(e1), . . . , φ(ed))φ(C).
Since φ(S) ⊆ Σ , the Σ-module M deﬁned by M = Σφ(e1) ⊕ · · · ⊕ Σφ(ed) is stable under φ. Hence
we see that M ∈Mod0,φ/Σ and M = MΣ(M).
Proposition 3.15. Let M be an object of Modr,φ/Σ∞ and set M = MΣ∞ (M). Then there exists a natural iso-
morphism of GK∞ -modules
HomΣ,Filr ,φr (M, Acrys,∞) → HomS,Filr ,φr (M, Acrys,∞).
Moreover, this induces for any n an isomorphism of GKn -modules
HomΣ,Filr ,φr
(
M,W PDn (O˜K¯ )
)→ HomS,Filr ,φr (M,W PDn (O˜K¯ )).
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HomΣ(M, Acrys,∞) → HomS(M, Acrys,∞).
From the deﬁnition, we can check that this isomorphism induces the map in the proposition, which is
injective. To prove the bijectivity, by dévissage we may assume that pM = 0. Then both sides of this
injection have the same cardinality by Lemma 3.4 and the ﬁrst assertion follows. Since the sequence
0→ W PDn (O˜K¯ ) → Acrys,∞ p
n−→ Acrys,∞ → 0
of the category ′Modr,φ/Σ is exact, the ﬁrst assertion implies the second one. 
4. A method of Abrashkin
In this section, we study the GKn -module HomΣ,Filr ,φr (M,W
PD
n (O˜K¯ )) following Abrashkin [3].
Let p and 0 r < p − 1 be as before. We ﬁx a system of p-power roots of unity {ζpn }n∈Z0 in K¯
such that ζp = 1 and ζpn = ζ ppn+1 for any n, and set an element ε of R to be (ζpn )n∈Z0 . Then the
elements [ε] − 1 and [ε1/p] − 1 are topologically nilpotent in W (R). The element of W (R)
t = ([ε] − 1)/([ε1/p]− 1)= 1+ [ε1/p]+ [ε1/p]2 + · · · + [ε1/p]p−1
is a generator of the principal ideal Ker(θ). We deﬁne an element a ∈ W (R) to be
a =
{∑p−2
k=1 p
−1((−1)p−1−k p−1Ck − 1)[ε1/p]k (p  3),
−1 (p = 2),
where p−1Ck = (p − 1)!/(k!(p − 1 − k)!) is the binomial coeﬃcient. Note that the coeﬃcient of
[ε1/p]k in each term is an integer. The element a is invertible in the ring W (R), since θ(a) =
(ζp − 1)p−1/p ∈ O×C and the ideal Ker(θ) is topologically nilpotent in W (R).
The element Z = ([ε]−1)p−1/p of Acrys is topologically nilpotent and we have φ(t) = p(Z −φ(a)).
Consider the formal power series ring W (R)u′ with the (t,u′)-adic topology and the continuous
ring homomorphism W (R)u′→ Acrys which sends u′ to Z . Let Aˆ denote the image of this homo-
morphism. Then we see that the ring Aˆ is (t, Z)-adically complete. Since we have Z = atp−1 + t p/p,
the element t p/p of Acrys is contained in the subring Aˆ and topologically nilpotent in this subring.
Hence we can consider the ring Aˆ as a Σ-algebra by u 	→ [π ]. Put Fili Aˆ = (ti, Z) for 0 i  p−1. The
Frobenius endomorphism φ of Acrys preserves Aˆ and satisﬁes φ(Fil
i Aˆ) ⊆ pi Aˆ for 0  i  p − 1. Set
φr = p−rφ|Filr Aˆ . Then we can consider the ring Aˆ also as an object of the category ′Modr,φ/Σ . Put Aˆn =
Aˆ/pn Aˆ and Aˆ∞ = Aˆ ⊗W K0/W . We include here a proof of the following lemma stated in [3, Subsec-
tion 3.2].
Lemma 4.1. The natural inclusion W (R) → Aˆ induces isomorphisms of W (R)-algebras W (R)/
(([ε] − 1)p−1) → Aˆ/(Z) and Wn(R)/(([ε] − 1)p−1) → Aˆn/(Z).
Proof. For a subring B of Acrys, put
I [s]B = {x ∈ B ∣∣ φi(x) ∈ Fils Acrys for any i}
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phism
W (R)/I [s]W (R) → Acrys/I [s]Acrys
is an injection [12, Propositions 5.1.3, 5.3.5]. Since the element Z is contained in the ideal I [p−1]Acrys,
this injection factors as
W (R)/I [p−1]W (R) → Aˆ/(Z) → Acrys/I [p−1]Acrys.
Hence the former arrow is an isomorphism and the lemma follows. 
Therefore Aˆ/ Filr Aˆ is p-torsion free and pn Filr Aˆ = Filr Aˆ ∩ pn Aˆ. Thus we can also consider Aˆn
and Aˆ∞ as objects of the category ′Modr,φ/Σ . The absolute Galois group GK∞ acts naturally on these
Σ-modules.
Lemma 4.2.We have a natural decomposition as an R-module
Aˆ1 = R/
(
t p
)⊕ (Z).
Proof. Consider the natural inclusion W(R) → Aˆ. We claim that this induces an injection R/(t p) → Aˆ1.
Let x be in the ring R . If the element [x] ∈ W (R) is contained in p Aˆ, then its image in Acrys/pAcrys is
zero. We have an isomorphism of R-algebras
R[Y1, Y2, . . .]/
(
t p, Y p1 , Y
p
2 , . . .
)→ Acrys/pAcrys
which sends Yi to the image of t p
i
/pi !. Thus the element x is contained in the ideal (t p). Conversely,
if vR(x) p, then we have
[x] = w([ε] − 1)p−1 + pw ′
for some w,w ′ ∈ W (R) and this implies [x] ∈ p Aˆ. Now we have the commutative diagram of
R-algebras
R/(t p)
f
Aˆ1
Aˆ1/(Z)
and the map f : R/(t p) → Aˆ1/(Z) is an isomorphism by Lemma 4.1. Hence the lemma follows. 
Since r < p − 1, from this lemma we can show the following lemma as in the proof of [6, Lem-
me 2.3.1.3].
Lemma 4.3. The functor
M 	→ HomΣ,Filr ,φr (M, Aˆ∞)
from Modr,φ/Σ to the category of GK∞ -modules is exact.∞
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HomΣ,Filr ,φr (M, Aˆ∞) → HomΣ,Filr ,φr (M, Acrys,∞)
is an isomorphism of GK∞ -modules. Moreover, for any n, we have an isomorphism of GK∞ -modules
HomΣ,Filr ,φr (M, Aˆn) → HomΣ,Filr ,φr
(
M, Acrys/p
n Acrys
)
.
Proof. Let us prove the ﬁrst assertion. By Lemmas 3.3 and 4.3, we may assume pM = 0. Consider the
commutative diagram of rings
Aˆ1 Acrys/pAcrys
R/(t p−1)
whose downward arrows are deﬁned by modulo Filp−1 of the rings Aˆ1 and Acrys/pAcrys, respectively.
Since r < p − 1, we have φr(Filp−1 Aˆ1) = 0 and similarly for the ring Acrys/pAcrys. Thus these two
surjections induce on the ring R/(t p−1) the same structure of a ﬁltered φr-module over Σ . By Corol-
lary 3.7, we have a commutative diagram
HomΣ,Filr ,φr (M, Aˆ1) HomΣ,Fil
r ,φr
(M, Acrys/pAcrys)
HomΣ,Filr ,φr (M, R/(t
p−1))
whose downward arrows are isomorphisms. This concludes the proof of the ﬁrst assertion. Since we
have an exact sequence
0→ Aˆn → Aˆ∞ p
n−→ Aˆ∞ → 0
in the category ′Modr,φ/Σ , the second assertion follows. 
Since the ideal (Z) of Aˆn satisﬁes the condition of Corollary 3.7, the Σ-algebra Aˆn/(Z) is naturally
considered as an object of ′Modr,φ/Σ . We also give the ring Wn(R)/(([ε] − 1)p−1) the structures of a
Σ-algebra and a ﬁltered φr-module over Σ induced from those of Aˆn/(Z) by the isomorphism in
Lemma 4.1. The map
Σ → Wn(R)/
(([ε] − 1)p−1)
sends the element u ∈ Σ to the image of [π ] in the ring on the right-hand side. Put v = t/E([π ]) ∈
W (R)× . As for the element Y ∈ Σ , the equality
Y = −av−1E([π ])p−1 + v−p Z
holds in Aˆ. Hence the above homomorphism sends the element Y to the image of −av−1E([π ])p−1.
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R → O˜K¯ ,
x = (x0, x1, . . .) 	→ xn
and the induced surjection βn :Wn(R) → Wn(O˜K¯ ). Let
J = {(x0, . . . , xn−1) ∈ Wn(R) ∣∣ vR(xi) pn for any i}
be the kernel of the latter surjection.
Lemma 4.5. The ideal J is contained in the ideal (([ε] − 1)p−1) of the ring Wn(R).
Proof. Write the element ([ε]−1)p−1 also as x= (x0, . . . , xn−1) ∈ Wn(R) with vR(x0) = p. Take an el-
ement z = (z0, . . . , zn−1) of the ideal J . We construct y ∈ Wn(R) such that xy = z. By induction, it is
enough to show that if z0 = · · · = zi−1 = 0 for some 0  i  n − 1 and (x0, . . . , xi)(0, . . . ,0, yi) =
(0, . . . ,0, zi) in Wi+1(R), then x(0, . . . ,0, yi,0, . . . ,0) ∈ J . Let us write this element as (0, . . . ,0,
wi, . . . ,wn−1) with wi = zi . We have vR(yi) pn − pi+1. In the ring of Witt vectors Wn(Fp[X0, . . . ,
Xn−1, Y0, . . . , Yn−1]), the k-th entry of the vector
(X0, . . . , Xn−1)(0, . . . ,0, Yi,0, . . . ,0)
is Xp
i
k−i Y
pk−i
i for any k i. Thus we have vR(wk) pn . 
Note that the elements [ζpn ] − 1 and [ζpn+1 ] − 1 are nilpotent in Wn(O˜K¯ ). By the above lemma,
we have an isomorphism of rings
Wn(R)/
(([ε] − 1)p−1)→ Wn(O˜K¯ )/(([ζpn ] − 1)p−1).
We let A¯n,p−1 denote the ring on the right-hand side and give the ring A¯n,p−1 the structure of
a ﬁltered φr-module over Σ induced by this isomorphism.
For an algebraic extension F of K , we put
bF =
{
x ∈ OF
∣∣ vK (x) > er/(p − 1)}.
Note that the ring OF /bF is killed by p. We consider the ring of Witt vectors Wn(OF /bF ) as a
Wn(OF )-algebra by the natural ring surjection Wn(OF ) → Wn(OF /bF ) and as a Wn-algebra by twist-
ing the natural action by σ−n , as before. For a ring B and its ideal I , we deﬁne an ideal Wn(I) of the
ring Wn(B) to be
Wn(I) =
{
(x0, . . . , xn−1) ∈ Wn(B)
∣∣ xi ∈ I for any i}.
Put Fn = Kn(ζpn+1 ). For an algebraic extension F of Fn in K¯ , the elements [ζpn ] − 1 and [ζpn+1 ] − 1
of Wn(mF ) are topologically nilpotent non-zero divisors in Wn(OF ). Let the ring
Wn(OF /bF )/
([ζpn ] − 1)rWn(mF /bF )
be denoted by A¯n,F ,r+ . We also put A¯n,r+ = A¯n,K¯ ,r+ .
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We also have (([ζpn ] − 1)p−1) ⊇ Wn(pOF ).
Proof. The proof is similar to the proof of Lemma 4.5. Let us show the ﬁrst assertion. Since this
is trivial for r = 0, we may assume r  1. Put x = (x0, . . . , xn−1) = ([ζpn ] − 1)r ∈ Wn(OF ). Then
we have vp(x0) = r/(pn−1(p − 1)). By induction, it is enough to show that for 0  i  n − 1, if
(x0, . . . , xi)(0, . . . ,0, yi) ∈ Wi+1(bF ), then yi ∈ mF and x(0, . . . ,0, yi,0, . . . ,0) ∈ Wn(bF ). By assump-
tion, we have
vp(yi) >
r
p − 1
(
1− 1
pn−i−1
)
 0.
Put (0, . . . ,0,wi, . . . ,wn−1) = x(0, . . . ,0, yi,0, . . . ,0). We show wl ∈ bF for any l by induction. Indeed,
let us suppose that wl ∈ bF for any i  l k − 1 with some i + 1 k n− 1. We have the equality
pi yp
k−i
i
(
xp
k
0 + pxp
k−1
1 + · · · + pkxk
)= (piwpk−ii + pi+1wpk−i−1i+1 + · · · + pkwk).
Since r  1, we have (pk−l − 1)r/(p − 1)  k − l for 0  l  k − 1. This implies vp(plwp
k−l
l ) > k +
r/(p − 1) for 0  l  k − 1. The valuation of the left-hand side of the above equality also satisﬁes
this inequality. Thus we have vp(wk) > r/(p − 1) and the assertion follows. We can show the second
assertion similarly. 
By this lemma, the natural surjections of rings
Wn(OF )/
([ζpn ] − 1)rWn(mF ) → Wn(OF /pOF )/([ζpn ] − 1)rWn(mF /pOF ) → A¯n,F ,r+
are isomorphisms. Then we see that the natural injection F → K¯ induces an injection of rings
A¯n,F ,r+ → A¯n,r+ .
Write Zn for the image of the element Z of Acrys in W PDn (O˜K¯ ). Then we have a commutative
diagram of Σ-algebras
Aˆn Acrys/p
n Acrys

W PDn (O˜K¯ )
Wn(R)/(([ε] − 1)p−1) ∼

Aˆn/(Z)
A¯n,p−1 W PDn (O˜K¯ )/(Zn),
A¯n,r+
where all the vertical arrows are surjections satisfying the condition of Corollary 3.7. Hence this is
also a commutative diagram in ′Modr,φ/Σ . Note that these rings and homomorphisms are independent
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crφ(y) for any y ∈ A¯n,r+ , where φ denotes the Frobenius endomorphism of A¯n,r+ induced from that
of the ring Wn(OK¯ /bK¯ ). Moreover, let M be an object of Modr,φ/Σ∞ . Then, by Corollaries 3.7 and 4.4,
we have a natural isomorphism of abelian groups
HomΣ,Filr ,φr
(
M,W PDn (O˜K¯ )
)→ HomΣ,Filr ,φr (M, A¯n,r+).
Next we investigate the module on the right-hand side of this isomorphism, and prove this is
in fact an isomorphism of GFn -modules. Consider the element E([πn]) ∈ Wn(OFn/pOFn ) and let us
ﬁx its lift γˆ ∈ Wn(OFn ) by the natural surjection Wn(OFn ) → Wn(OFn/pOFn ). Let a ∈ W (R)× and
v = t/E([π ]) ∈ W (R)× as before. We let an , tn and vn denote the images of a, t and v by the sur-
jection W (R) → Wn(O˜K¯ ) induced by βn , respectively. The elements an and tn of the ring Wn(O˜K¯ )
are contained in the subring Wn(OFn/pOFn ). We abusively let them also denote their images by the
natural surjections Wn(O˜K¯ ) → Wn(OK¯ /bK¯ ) → A¯n,r+ .
Lemma 4.7. The element
tˆn = 1+ [ζpn+1 ] + [ζpn+1 ]2 + · · · + [ζpn+1 ]p−1 =
[ζpn ] − 1
[ζpn+1 ] − 1
is divisible by γˆ in the ring Wn(OFn ). In particular, γˆ is a non-zero divisor of the ring Wn(OK¯ ).
Proof. It is enough to show the divisibility in the ring Wn(OK¯ ). Note that the element tn is also the
image of tˆn by the natural map Wn(OFn ) → Wn(OFn/pOFn ). Let vˆn be a lift of vn by the natural
surjection Wn(OK¯ ) → Wn(O˜K¯ ). Then we have tˆn − γˆ vˆn ∈ Wn(pOK¯ ). By Lemma 4.6, there exists
yˆ ∈ Wn(mK¯ ) such that tˆn − γˆ vˆn = tˆn yˆ. Hence we have tˆn(1 − yˆ) = γˆ vˆn . Since yˆ is topologically
nilpotent in the ring Wn(OK¯ ), the element 1− yˆ is invertible and the lemma follows. 
Lemma 4.8. The image of Y ∈ Σ in the ring A¯n,r+ (resp. A¯n,p−1) is contained in its subring A¯n,Fn,r+ (resp.
Wn(OFn/pOFn )/(([ζpn ] − 1)p−1)).
Proof. We have the equality
E
([πn])vn = tn = 1+ [ζpn+1 ] + [ζpn+1 ]2 + · · · + [ζpn+1 ]p−1
in the ring Wn(O˜K¯ ). Note that any element v ′n ∈ Wn(O˜K¯ ) satisfying the same equality is invertible
and thus the elements (v ′n)−1E([πn]) are equal to each other. Since Y = −anv−1n E([πn])p−1 in the
rings A¯n,r+ and A¯n,p−1, it suﬃces to construct an element v ′n of the ring Wn(OFn/pOFn ) such that
the equality E([πn])v ′n = tn holds. This follows from Lemma 4.7. 
From this lemma, we see that the natural GFn -actions on the rings A¯n,p−1 and A¯n,r+ are compati-
ble with the ﬁltered φr-module structures over Σ . In the big commutative diagram above, the lowest
horizontal arrow and lower right vertical arrow are GK -linear by deﬁnition. Hence we have shown
the following proposition.
Proposition 4.9. Let M be an object of Modr,φ/Σ∞ . Then the map
HomΣ,Filr ,φr
(
M,W PDn (O˜K¯ )
)→ HomΣ,Filr ,φr (M, A¯n,r+)
is an isomorphism of G Fn -modules.
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C = (ci, j) ∈ Md(Σ) be a matrix representing φr as in Corollary 3.6. Consider the surjection Σ⊕d → M
deﬁned by (s1, . . . , sd) 	→ s1e1 + · · · + sded and let (s1,1, . . . , s1,d), . . . , (sq,1, . . . , sq,d) be a system of
generators of its kernel. Then the underlying GFn -set of the GFn -module
HomΣ,Filr ,φr (M, A¯n,r+)
is identiﬁed with the set of d-tuples (x¯1, . . . , x¯d) in A¯n,r+ such that the following three conditions
hold:
• sl,1 x¯1 + · · · + sl,dx¯d = 0 for any l,
• c1,i x¯1 + · · · + cd,i x¯d ∈ Filr A¯n,r+ for any i,
• the following equality holds:
⎧⎨
⎩
φr(c1,1x¯1 + · · · + cd,1 x¯d) = x¯1,
...
φr(c1,dx¯1 + · · · + cd,dx¯d) = x¯d.
We choose lifts cˆ, cˆi, j and sˆi, j in Wn(OFn ) of the images of c, ci, j and si, j in A¯n,r+ by the natural
ring homomorphism
Wn(OK¯ ) → Wn(O˜K¯ ) → Wn(OK¯ /bK¯ ) → A¯n,r+,
respectively. Recall that we have already chosen a lift γˆ ∈ Wn(OFn ) of E([πn]) ∈ Wn(OFn/pOFn ).
Fix a polynomial Φi ∈ Z[X0, . . . , Xn−1] such that Φi ≡ Xpi mod p. This induces for any commutative
ring B a map Φ = (Φ0, . . . ,Φn−1) :Wn(B) → Wn(B) which is a lift of the Frobenius endomorphism
on Wn(B/pB). In particular, set B to be the polynomial ring Z[X0, . . . , Xn−1, Y0, . . . , Yn−1]. Put X =
(X0, . . . , Xn−1) and Y = (Y0, . . . , Yn−1) in the ring Wn(B). Then we see that there exist elements
U0, . . . ,Un−1 and U ′0, . . . ,U ′n−1 of the polynomial ring B such that
Φ(X + Y ) = Φ(X) +Φ(Y ) + (pU0, . . . , pUn−1),
Φ(XY ) = Φ(X)Φ(Y ) + (pU ′0, . . . , pU ′n−1)
in the ring Wn(B).
Proposition 4.10. Every d-tuple (x¯1, . . . , x¯d) in A¯n,r+ satisfying the above three conditions uniquely lifts to a
d-tuple (xˆ1, . . . , xˆd) in Wn(OK¯ ) such that
• sˆl,1 xˆ1 + · · · + sˆl,dxˆd ∈ ([ζpn ] − 1)rWn(mK¯ ) for any l,
• cˆ1,i xˆ1 + · · · + cˆd,i xˆd ∈ γˆ rWn(OK¯ ) for any i,• the following equality holds:
⎧⎨
⎩
cˆrΦ
(
(cˆ1,1xˆ1 + · · · + cˆd,1 xˆd)/γˆ r
)= xˆ1,
...
cˆrΦ
(
(cˆ1,dxˆ1 + · · · + cˆd,dxˆd)/γˆ r
)= xˆd.
Proof. Fix a lift xˆi of x¯i in Wn(OK¯ ). Recall that the kernel of the surjection Wn(OK¯ ) → A¯n,r+ is
equal to the ideal ([ζpn ] − 1)rWn(mK¯ ). The ﬁrst condition in the proposition holds automatically for
(xˆ1, . . . , xˆd). By Lemma 4.7, the element cˆ1,i xˆ1 +· · ·+ cˆd,i xˆd is contained in γˆ rWn(OK¯ ) for any i. Since
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r A¯n,r+ → A¯n,r+ satisﬁes φr(E([πn])r x¯) = crφ(x¯) for any x¯ ∈ A¯n,r+ , we have
⎧⎪⎨
⎪⎩
cˆrΦ
(
(cˆ1,1xˆ1 + · · · + cˆd,1 xˆd)/γˆ r
)= xˆ1 + ([ζpn ] − 1)r δˆ1,
...
cˆrΦ
(
(cˆ1,dxˆ1 + · · · + cˆd,dxˆd)/γˆ r
)= xˆd + ([ζpn ] − 1)r δˆd
for some δˆ1, . . . , δˆd ∈ Wn(mK¯ ). It suﬃces to show that there exists a unique d-tuple ( yˆ1, . . . , yˆd)
in Wn(mK¯ ) such that
cˆrΦ
((
cˆ1,i
(
xˆ1 +
([ζpn ] − 1)r yˆ1)+ · · · + cˆd,i(xˆd + ([ζpn ] − 1)r yˆd))/γˆ r)= xˆi + ([ζpn ] − 1)r yˆi
for any i. For this, we need the following lemma.
Lemma 4.11. Let N be a complete discrete valuation ﬁeld and mN be the maximal ideal of N. Let 1, . . . , d be
in mN . Let P1, . . . , Pd and P ′1, . . . , P ′d be elements of ONY1, . . . , Yd such that Pi ∈ (Y1, . . . , Yd)2 . Then the
equation
⎧⎨
⎩
Y1 − P1(Y1, . . . , Yd)− 1P ′1(Y1, . . . , Yd) = 0,...
Yd − Pd(Y1, . . . , Yd)− d P ′d(Y1, . . . , Yd) = 0
has a unique solution in mN .
Proof. By assumption, we see that for any integer l  1, a d-tuple (y1, . . . , yd) in mN/mlN satisfying
the above equation lifts uniquely to a d-tuple in mN/m
l+1
N satisfying the same equation. Thus the
lemma follows. 
Let us write as yˆi = ( yˆi,0, . . . , yˆi,n−1). Since the image of Φ(([ζpn+1 ] − 1)r) in A¯n,r+ is equal to
([ζpn ] − 1)r , we can ﬁnd bˆ ∈ Wn(OK¯ ) such that
Φ
(([ζpn ] − 1)r/γˆ r)= ([ζpn ] − 1)r bˆ.
Then there exist polynomials Ui,m over OK¯ of the indeterminates Y = (Yi,m)1id,0mn−1 such that
the equation we have to solve is
xˆi +
([ζpn ] − 1)r yˆi = xˆi + ([ζpn ] − 1)r δˆi + ([ζpn ] − 1)r bˆcˆr(Φ(cˆ1,i)Φ( yˆ1)+ · · · +Φ(cˆd,i)Φ( yˆd))
+ (pUi,0( yˆ), . . . , pUi,n−1( yˆ))
for any i, where we put yˆ = ( yˆi,m)1id,0mn−1. As in the proof of Lemma 4.6, we see that, for any
elements P0, . . . , Pn−1 of the polynomial ring OK¯ [Y ], we can uniquely ﬁnd elements Q 0, . . . , Qn−1 of
this ring such that the coeﬃcients of these polynomials are in the maximal ideal mK¯ and the equality
(pP0, . . . , pPn−1) =
([ζpn ] − 1)r(Q 0, . . . , Qn−1)
holds in the ring of Witt vectors Wn(OK¯ [Y ]). Therefore, this equation is equivalent to the equation
yˆi = δˆi + bˆcˆr
(
Φ(cˆ1,i)Φ( yˆ1)+ · · · +Φ(cˆd,i)Φ( yˆd)
)+ (Vi,0( yˆ), . . . , Vi,n−1( yˆ)),
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deﬁnition of Φ , we see that yˆ = ( yˆi,m)i,m is a solution of a system of equations
Yi,m − Pi,m(Y )− i,mP ′i,m(Y ) = 0
satisfying the condition of Lemma 4.11 for a suﬃciently large ﬁnite extension N of K . Then, by this
lemma, we can solve the equation uniquely in mK¯ . 
Let F be an algebraic extension of Fn in K¯ and consider the ring A¯n,F ,r+ . By Lemma 4.8, we can
consider this ring as a Σ-subalgebra of A¯n,r+ . Put Filr A¯n,F ,r+ = E([πn])r A¯n,F ,r+ . Then Lemma 4.7
implies that
A¯n,F ,r+ ∩ Filr A¯n,r+ = Filr A¯n,F ,r+.
Moreover, the Frobenius endomorphism φ of the ring A¯n,r+ preserves the subalgebra A¯n,F ,r+ and
thus φr : Fil
r A¯n,r+ → A¯n,r+ induces a φ-semilinear map φr : Filr A¯n,F ,r+ → A¯n,F ,r+. Hence A¯n,F ,r+ is
a subobject of A¯n,r+ in the category ′Modr,φ/Σ . For M ∈Modr,φ/Σ∞ , let us set
T ∗crys,πn,F (M) = HomΣ,Filr ,φr (M, A¯n,F ,r+).
We see that
A¯n,r+ = A¯n,K¯ ,r+ =
⋃
F/Fn
A¯n,F ,r+
in ′Modr,φ/Σ and thus we have a natural identiﬁcation of abelian groups
T ∗
crys,πn,K¯
(M) =
⋃
F/Fn
T ∗crys,πn,F (M).
The absolute Galois group GFn acts on the abelian group on the left-hand side.
Lemma 4.12. Let F be an algebraic extension of Fn in K¯ . Then the GF -ﬁxed part T ∗crys,πn,K¯ (M)
GF is equal
to T ∗crys,πn,F (M).
Proof. From Proposition 4.10, we see that the elements of T ∗
crys,πn,K¯
(M) correspond bijectively to the
d-tuples in Wn(OK¯ ) satisfying the three conditions in this proposition. The uniqueness assertion of
the proposition shows that g ∈ GF ﬁxes such a d-tuple in Wn(OK¯ ) if and only if g ﬁxes its image
in A¯n,r+ . Hence an element of T ∗crys,πn,K¯ (M) is ﬁxed by GF if and only if it is contained in the image
of Wn(OF ). Thus the lemma follows. 
Corollary 4.13. Let Ln be the ﬁnite Galois extension of Fn corresponding to the kernel of the map
GFn → Aut
(
T ∗
crys,πn,K¯
(M)
)
.
Then an algebraic extension F of Fn in K¯ contains Ln if and only if
#T ∗crys,πn,F (M) = #T ∗crys,πn,K¯ (M).
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trivial. By Lemma 4.12, this is equivalent to T ∗crys,πn,F (M) = T ∗crys,πn,K¯ (M). 
5. Ramiﬁcation bound
In this section, we prove Theorem 1.1. Let M be an object of Modr,φ,N/S∞ which is killed by pn and
let L be the ﬁnite Galois extension of K corresponding to the kernel of the map
GK → Aut
(
T ∗st,π (M)
)
.
Then the theorem is equivalent to the inequality uL/K  u(K , r,n), where uL/K denotes the greatest
upper ramiﬁcation break of the Galois extension L/K [10]. For r = 0, the GK -module T ∗st,π (M) is
unramiﬁed and the assertion is trivial. Thus we may assume p  3 and r  1.
Let Ln be the ﬁnite Galois extension of Fn corresponding to the kernel of the map
GFn → Aut
(
T ∗st,π (M)
)
.
Since Fn is Galois over K , the extension Ln = LFn is also a Galois extension of K . Let M ∈ Modr,φ/Σ∞
be the ﬁltered φr-module over Σ which corresponds to M by the equivalence MΣ∞ of Proposi-
tion 3.13. Then Propositions 3.15 and 4.9 show that Ln is also the ﬁnite extension of Fn cut out by
the GFn -module T
∗
crys,πn,K¯
(M). It is enough to prove the inequality uLn/K  u(K , r,n).
Before proving this, we state some general lemmas to calculate the ramiﬁcation bound. Let N be
a complete discrete valuation ﬁeld of positive residue characteristic, vN be its valuation normalized
as vN (N×) = Z and Nsep be its separable closure. We extend vN to any algebraic closure of N .
Lemma 5.1. Let f (T ) ∈ ON [T ] be a separable monic polynomial and z1, . . . , zd be the zeros of f in ONsep .
Suppose that the set {vN (zk − zi) | k = 1, . . . ,d, k = i} is independent of i. Put
s f =
∑
k=1,...,d
k =i
vN(zk − zi) and α f = sup
k=1,...,d
k =i
vN(zk − zi),
which are independent of i by assumption. If j > s f + α f , then we have the decomposition
{
x ∈ ONsep
∣∣ vN( f (x)) j}= ∐
i=1,...,d
{
x ∈ ONsep
∣∣ vN(x− zi) j − s f }.
Otherwise, the set on the left-hand side contains
{
x ∈ ONsep
∣∣ vN(x− zi) α f },
which contains at least two zeros of f .
Proof. A verbatim argument in the proof of [1, Lemma 6.6] shows the claim. 
Corollary 5.2. Let f (T ) be as above and put B = ON [T ]/( f (T )). Let us write the N-algebra N ′ = B⊗ON N as
the product N1 × · · · × Nt of ﬁnite separable extensions N1, . . . ,Nt of N. If j > s f + α f , then the j-th upper
numbering ramiﬁcation group [1], which we let be denoted by G( j)N , is contained in GNi for any i. Moreover, if
N ′ is a ﬁeld and B coincides with ON ′ , then j > s f + α f if and only if G( j)N ⊆ GN ′ .
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previous lemma, the conductor c(B) of the ON -algebra B [1, Proposition 6.4] is equal to s f + α f .
Thus we have the inequality
c(ON1 × · · · × ONt ) c(B) = s f + α f
by the deﬁnition of the conductor and a functoriality of the functor F j deﬁned in [1]. This implies
the corollary. 
Corollary 5.3.We have the inequality
uK (ζpn+1 )/K  1−
1
e(K (ζp)/K )
+ e
(
n + 1
p − 1
)
,
where e(K (ζp)/K ) denotes the relative ramiﬁcation index of K (ζp) over K .
Proof. Since the Herbrand function is transitive and the ﬁnite extension K (ζp) is tamely ramiﬁed
over K , it is enough to show the inequality
uK (ζpn+1 )/K (ζp)  e
(
K (ζp)
)(
n+ 1
p − 1
)
.
Put N = K (ζp) and f (T ) = T pn − ζp . These satisfy the assumptions of Corollary 5.2. We have s f =
ne(K (ζp)) and α f = e(K (ζp))/(p − 1) in this case. Hence the corollary follows. 
Corollary 5.4. Consider the ﬁnite Galois extension Fn = Kn(ζpn+1 ) of K . Then we have the equality
uFn/K = 1+ e
(
n+ 1
p − 1
)
.
Proof. Applying Corollary 5.2 to the Eisenstein polynomial f (T ) = T pn −π and N = K shows that j >
1+e(n+1/(p−1)) if and only if G( j)K ⊆ GKn . From Corollary 5.3, we see that if j > 1+e(n+1/(p−1)),
then G( j)K ⊆ GK (ζpn+1 ) . Since GFn = GKn ∩ GK (ζpn+1 ) , we conclude that j > 1 + e(n + 1/(p − 1)) if and
only if G( j)K ⊆ GFn . 
Remark 5.5. Note that this argument also shows the equality
uKn(ζpn )/K = 1+ e
(
n+ 1
p − 1
)
.
Next we assume that the residue ﬁeld of N is perfect. For an algebraic extension F of N , we put
a
j
F/N =
{
x ∈ OF
∣∣ vN(x) j}.
Let Q be a ﬁnite Galois extension of N and consider the property
(P j)
⎧⎨
⎩
for any algebraic extension F of N , if there exists
an ON-algebra homomorphism OQ → OF /a jF/N ,
then there exists an N-algebra injection Q → F
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Yoshida. Here we reproduce his proof for the convenience of the reader.
Proposition 5.6. (See [19].)
uQ /N = inf
{
j ∈ R0
∣∣ the property (P j) holds}.
Proof. By [10, Proposition 1.5(i)], it is enough to show that the property (P j) does not hold for
j = uQ /N − (e′)−1 with an arbitrarily large e′ > 0. As in the proof of [10, Proposition 1.5(ii)], we
may assume that Q is totally and wildly ramiﬁed over N . Take an arbitrarily large integer e′′ > 0
with (e′′, pe(Q /N)) = 1. We may also assume that N contains a primitive e′′-th root of unity. Set
N ′ = N(π1/e′′N ) and Q ′ = Q N ′ . Note that we have uQ ′/N = uQ /N by assumption. From this proposition
in [10], we see that for some algebraic extension F of N , there exists an ON -algebra homomorphism
OQ ′ → OF /a jF/N for j = uQ /N − e(Q ′/N)−1 but no N-algebra injection Q ′ → F . Since Q /N is wildly
ramiﬁed, we see that e(Q /N)uQ /N −1> e(Q /N). Hence we have uQ /N − e(Q ′/N)−1 > 1 uN ′/N and
there exists an N-algebra injection N ′ → F also by this proposition. Thus there exists no N-algebra
injection Q → F and the property (P j) for Q /N does not hold. Since e(Q ′/N) = e′′e(Q /N), the
proposition follows. 
We see from Proposition 5.6 that to bound the greatest upper ramiﬁcation break uLn/K , it is enough
to show the following proposition.
Proposition 5.7. Let F be an algebraic extension of K . If j > u(K , r,n) and there exists an OK -algebra homo-
morphism
η :OLn → OF /a jF/K ,
then there exists a K -algebra injection Ln → F .
Proof. We may assume that F is contained in K¯ . By assumption, we have j > er/(p − 1) and we
see that the ideal bF = {x ∈ OF | vK (x) > er/(p − 1)} contains a jF/K . Thus η induces an OK -algebra
homomorphism
OLn → OF /bF .
Since η also induces an OK -algebra homomorphism OFn → OF /a jF/K and r  1, from Corol-
lary 5.4 and [10, Proposition 1.5] we get a K -linear injection Fn → F . Thus we see that F contains πn
and ζpn+1 . More precisely, we have the following two lemmas.
Lemma 5.8. There exists i ∈ Z such that η(πn) ≡ πnζ ipn mod bF .
Proof. Since the map η is OK -linear, the equality η(πn)pn = π holds in OF /a jF/K . Set xˆ to be a lift
of η(πn) in OF . Then we have
vK
(
xˆp
n −π)=
pn−1∑
vK
(
xˆ−πnζ ipn
)
 j.i=0
S. Hattori / Journal of Number Theory 129 (2009) 2474–2503 2499Let us apply Lemma 5.1 to f (T ) = T pn −π ∈ OK [T ]. Then, with the notation of the lemma, we have
s f = 1− 1pn + ne and α f =
1
pn
+ e
p − 1 .
Since j − s f > er/(p − 1) by assumption, we have
xˆ ≡ πnζ ipn mod bF
for some i. 
Lemma 5.9. There exists g′ ∈ GK such that η(ζpn+1 ) ≡ g′(ζpn+1 ) mod bF .
Proof. Set N to be the maximal unramiﬁed subextension of K (ζpn+1)/K . Since the map OK → ON
is etale, there exists a K -algebra injection g0 :N → F such that η(x) ≡ g0(x) mod a jF/K for any
x ∈ ON . Let  be a uniformizer of K (ζpn+1 ) and f (T ) ∈ ON [T ] be the Eisenstein polynomial of 
over ON . We let f g0 (T ) ∈ ON [T ] denote the conjugate of f by g0. Then f g0 satisﬁes the conditions
of Lemma 5.1. By deﬁnition we have s f g0 = s f and α f g0 = α f . Since the roots of f g0 (T ) are conju-
gates of  over K , Lemma 5.1 implies as in the previous lemma that there exists g′ ∈ GK such that
g′|N = g0 and η() ≡ g′() mod a j−s fF/K . Since OK (ζpn+1 ) is generated by  over ON , we see that
η(ζpn+1 ) ≡ g′(ζpn+1 ) mod a j−s fF/K .
Thus it is enough to check the inequality j− s f > er/(p−1). Note that s f is equal to the valuation
vK (DK (ζpn+1 )/N ) of the different of the totally ramiﬁed Galois extension K (ζpn+1)/N . To bound this,
put G = Gal(K (ζpn+1 )/N(ζp)) and e′ = e(N(ζp)/N). We have
vK
(
τ ()− ) vK (τ (ζpn+1)− ζpn+1)
for any τ ∈ G and thus
vK (DK (ζpn+1 )/N(ζp))
∑
τ =1∈G
vK
(
τ (ζpn+1)− ζpn+1
)
 ne.
We also have the equality vK (DN(ζp)/N) = 1− 1/e′ and hence we get
s f = vK (DK (ζpn+1 )/N) 1− 1/e′ + ne.
Since e′  p − 1, the inequality j − s f > er/(p − 1) holds. 
Corollary 5.10. There exists g ∈ GK such that η(πn) ≡ g(πn) mod bF and η(ζpn+1 ) ≡ g(ζpn+1) mod bF .
Proof. Let i ∈ Z and g′ ∈ GK be as in Lemma 5.8 and Lemma 5.9, respectively. Since Kn∩ K (ζpn+1 ) = K
(see for example [17, Lemma 5.1.2]), we can ﬁnd an element g ∈ GK such that g(πn) = πnζ ipn and
g(ζpn+1) = g′(ζpn+1 ). 
Lemma 5.11. For m ∈ Z0 , set an ideal b(m)Ln of OLn to be
b
(m)
Ln
=
{
x ∈ OLn
∣∣vK (x) > er
pm(p − 1)
}
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η(m) :OLn/b(m)Ln → OF /b
(m)
F
for any m.
Proof. We may assume that Ln is totally ramiﬁed over K . We write the Eisenstein polynomial of
a uniformizer πLn of Ln over OK as
P (T ) = T e′ + c1T e′−1 + · · · + ce′−1T + ce′ ,
where e′ = e(Ln/K ). Then z = η(πLn ) satisﬁes P (z) = 0 in OF /a jF/K . Let zˆ be a lift of z in OF . Since
j > 1, we have vK (zˆ) = 1/e′ . The condition i > e(Ln)r/(pm(p − 1)) is equivalent to the condition
vK
(
zˆi
)
>
e(Ln)r
pm(p − 1) ·
1
e′
= er
pm(p − 1) .
Thus the claim follows. 
Since Ln contains Fn , we can consider the ring
A¯n,Ln,r+ = Wn(OLn/bLn )/
([ζpn ] − 1)rWn(mLn/bLn )
and similarly A¯n,F ,r+ for F . We give these rings structures of Σ-algebras as follows. The ring A¯n,Ln,r+
is considered as a Σ-algebra by using the system {πn}n∈Z0 we chose of p-power roots of π , as
in the previous section. On the other hand, using g ∈ GK in Corollary 5.10, put π˜n = g(πn) and
ζ˜pn+1 = g(ζpn+1). Then we consider the ring A¯n,F ,r+ as a Σ-algebra by using a system of p-power
roots of π containing π˜n . We deﬁne Fil
r and φr of these rings in the same way as before.
Lemma 5.12. The induced ring homomorphism
η¯ : A¯n,Ln,r+ → A¯n,F ,r+
is a morphism of the category ′Modr,φ/Σ .
Proof. Firstly, we check that η¯ is Σ-linear. By deﬁnition, this homomorphism commutes with the
action of the element u ∈ Σ . To show the compatibility with the element Y ∈ Σ , let us consider the
commutative diagram
Wn(OLn/bLn )
ηn
Wn(OF /bF )
A¯n,Ln,r+
η¯
A¯n,F ,r+,
where the horizontal arrows are induced by η. Note that we have ηn([πn]) = [π˜n] and ηn([ζpn+1 ]) =
[ζ˜pn+1 ]. Let a ∈ W (R)× and v = t/E([π ]) ∈ W (R)× be as in the previous section. Let an and vn denote
the images of a and v in Wn(OLn/bLn ), respectively. Then the element vn is a solution of the equation
E
([πn])vn = 1+ [ζpn+1 ] + · · · + [ζpn+1 ]p−1.
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ment v˜n is a solution of the equation
E
([π˜n])v˜n = 1+ [ζ˜pn+1 ] + · · · + [ζ˜pn+1 ]p−1.
Now what we have to show is the equality
η¯
(
anv
−1
n E
([πn])p−1)= a˜n v˜−1n E([π˜n])p−1
in the ring A¯n,F ,r+ . Since the element an of Wn(OLn/bLn ) is a linear combination of the elements
1, [ζpn+1 ], . . . , [ζpn+1 ]p−1 over Z, we have η¯(an) = a˜n in A¯n,F ,r+ . The elements v˜n and η¯(vn) satisfy
the same equation in A¯n,F ,r+ . Since these two elements are invertible, we get η¯(vn)−1E([π˜n]) =
v˜−1n E([π˜n]) and the equality holds. Since the diagram above is compatible with the Frobenius en-
domorphisms, we see from the deﬁnition that η¯ also preserves Filr and commutes with φr of both
sides. 
Thus we get a homomorphism of abelian groups
T ∗crys,Ln,πn (M) → T ∗crys,F ,π˜n (M).
Then the following lemma, whose proof is omitted in [3, Subsection 3.13], implies that this homo-
morphism is an injection. We insert here a proof of this lemma for the convenience of the reader.
Lemma 5.13. The ring homomorphism η¯ : A¯n,Ln,r+ → A¯n,F ,r+ is an injection.
Proof. Let x = (x0, . . . , xn−1) be an element of Wn(OLn/bLn ) such that
(
η(0)(x0), . . . , η
(0)(xn−1)
) ∈ ([ζpn ] − 1)rWn(mF /bF ),
where η(0) is as in Lemma 5.11. Suppose that x0 = · · · = xm−1 = 0 for some 0m n−1. Let zˆi ∈ OF
be a lift of η(0)(xi). By Lemma 4.6, we have
(0, . . . ,0, zˆm, . . . , zˆn−1) =
([ζpn ] − 1)r( yˆ0, . . . , yˆn−1)
for some yˆ0, . . . , yˆn−1 ∈mF . Thus we get yˆ0 = · · · = yˆm−1 = 0 and vK (zˆm) > er/(pn−1−m(p−1)). Then
Lemma 5.11 implies that xm is contained in the ideal b
(n−1−m)
Ln
/bLn and
x = ([ζpn ] − 1)r(0, . . . ,0, y,0, . . . ,0) + (0, . . . ,0, x′m+1, . . . , x′n−1)
for some y ∈mLn/bLn and x′m+1, . . . , x′n−1 ∈ OLn/bLn . Repeating this, we see that x is zero in A¯n,Ln,r+
and the lemma follows. 
Now Corollary 4.13 shows that the abelian group T ∗crys,Ln,πn (M) has the same cardinality
as T ∗
crys,K¯ ,πn
(M). This implies that the abelian group T ∗crys,F ,π˜n (M) has cardinality no less than
#T ∗
crys,K¯ ,πn
(M). Let g ∈ GK be as in Corollary 5.10. Then we have the following lemma.
Lemma 5.14. The GFn -module T
∗
crys,K¯ ,π˜n
(M) is isomorphic to the conjugate of the GFn -module T
∗
crys,K¯ ,πn
(M)
by the element g.
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Σ → A¯n,r+ g−→ A¯n,r+
of the ring homomorphism deﬁned by u 	→ [πn] and the map induced by g . We can check that this
is the natural ring homomorphism deﬁned by u 	→ [π˜n] as in the proof of Lemma 5.12. Thus we have
an isomorphism of abelian groups
HomΣ(M, A¯n,r+) → HomΣ(M, A¯n,r+),
f 	→ g ◦ f ,
where we consider on the ring A¯n,r+ on the right-hand side the ﬁltered φr-module structure over Σ
deﬁned by π˜n . As in the proof of Lemma 5.12, we can check that this isomorphism induces an injec-
tion
HomΣ,Filr ,φr (M, A¯n,r+) → HomΣ,Filr ,φr (M, A¯n,r+).
This is also an isomorphism, for the map f 	→ g−1 ◦ f deﬁnes its inverse. 
Thus we have #T ∗
crys,K¯ ,π˜n
(M) = #T ∗
crys,K¯ ,πn
(M). Since Ln is Galois over K , this lemma also shows
that the ﬁnite Galois extension of Fn cut out by the action on T ∗crys,K¯ ,π˜n (M) is Ln . Hence we see
from Corollary 4.13 that F contains Ln and Proposition 5.7 follows. This concludes the proof of Theo-
rem 1.1. 
Proof of Corollary 1.3. The second assertion follows immediately from Theorem 1.1 and [8, Théo-
rème 1.1]. As for the ﬁrst assertion, note that if r = 0 then V is unramiﬁed and the assertion is
trivial. Thus we may assume p  3. Since we have the natural surjection L/pnL → L/L′ , we may
also assume L′ = pnL. For Mˆ ∈Modr,φ,N/S , let us consider the GK -module
T ∗st,π (Mˆ) = HomS,Filr ,φr ,N(Mˆ, Aˆst).
By [17, Theorem 2.3.5], there exists Mˆ ∈ Modr,φ,N/S such that the GK -module L is isomorphic to
T ∗st,π (Mˆ). Then we see that the GK -module L/pnL is isomorphic to T ∗st,π (Mˆ/pnMˆ) and the asser-
tion follows from Theorem 1.1. 
Remark 5.15. The ramiﬁcation bound in Theorem 1.1 is sharp for r  1. Indeed, the greatest upper
ramiﬁcation break 1 + e(n + 1/(p − 1)) for r = 1 is obtained by the pn-torsion of the Tate curve
K¯×/πZ (see Remark 5.5). The author does not know whether these bounds are sharp also for r  2.
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